Aharonov-Casher effect in a two dimensional hole gas with spin-orbit interaction 
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We study the quantum interference effects induced by the Aharonov-Casher phase in a ring 
structure in a two-dimensional heavy hole (HH) system with spin-orbit interaction realizable in 
narrow asymmetric quantum wells. The influence of the spin-orbit interaction strength on the 
transport is analytically investigated. These analytical results allow us to explain the interference 
effects as a signature of the Aharonov-Casher Berry phases. Unlike the previous studies on the 
electron two-dimensional Rashba systems, we find that the frequency of conductance modulations 
as a function of the spin-orbit strength is not constant but increases for larger spin-orbit splittings. 
In the limit of thin channel rings (width smaller than Fermi wavelength), we find that the spin-orbit 
splitting can be greatly increased due to the quantization in the radial direction. We also study the 
influence of magnetic field considering both limits of small and large Zeeman splittings. 

PACS numbers: 73.23.-b, 03.65.Vf, 71.70.Ej 
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Particles propagating through a coherent nanoscale de- 
vice acquire a quantum geometric phase which can have 
important physical consequences. This geometric phase, 
known as Berry phased is acquired through the adiabatic 
motion of a quantum particle in the system's parameter 
space and can have strong effects on the transport prop- 
erties due to self-interference effects of the quasiparticles 
when moving in cyclic motion. Its generalization to non- 
adiabatic motion is known as the Aharonov-Anandan 
phase.— A classical example of such geometric phases is 
the Aharonov-Bohm phase acquired by a particle going 
around a loop in the presence of a magnetic flux. An im- 
portant corollary to this phase is the Aharonov-Casher 
(AC) phase arising from the propagation of an electron 
in the presence of spin-orbit coupling^ This novel ef- 
fect has attracted strong interest within the spintronic 
research community which focuses, among other things, 
on spin-dependent control through electrical means4»& 

Spintronics has made its way into many niche tech- 
nological applications, e.g. magnetic memories or 
MRAM's,— using effects that take place in metals. How- 
ever, the majority of modern electronic devices are based 
on semiconductors and more applications will be pos- 
sible when semiconductor devices can employ the spin 
degree of freedom as another functional variable in com- 
putational processing. The effects of the AC phase on 
transport through semiconducting ring-structures can be 
tested in two dimensional gas confined to an asymmet- 
ric potential well. Such structures enable an all electri- 
cal control of the spins via the Rashba spin-orbit inter- 
action by changing the gate voltage^ ^ 10 ' 11 This spin- 
interference in a semiconductor ring (see Fig. [J) has been 
proposed as a way to control spin-polarized current o 12 ' 21 
and as a spin-filter^ Signatures of the Aharonov-Casher 
effect have already been experimentally detected , 14 i 15 i 16 
and more theoretical and experimental^ studies have 
become available recently. 
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Figure 1: (Color online.) One channel ring of radius ro sub- 
ject to spin-orbit coupling in the presence of an additional 
magnetic field Bo. Electron (hole) spin travelling around the 
ring acquires phase due to the applied out-of-plane magnetic 
field (gray arrow) and the spin-orbit in-plane magnetic field 
(momentum dependent, green full-line arrows for holes and 
dashed line arrows for electrons) caused by the spin-orbit in- 
teraction. The spin-orbit in-pane magnetic field is different 
for holes and electrons. 



Spin-interference relies on the spin-splitting and, as a 
result, the devices with stronger spin-splitting can pro- 
vide more control over the spin. Quantum wells with 
the spin-orbit interaction proportional to the cube of 
the momentum (e.g. with a heavy hole (HH) band)^ 
show, in general, larger spin-orbit splittings. We study 
here the behavior of the narrow ring in the presence of 
this cubic spin-orbit interaction. The analysis of recent 
experiment a 15 ' 18 shows that the conductance modula- 
tions have larger frequency of oscillations compared to 
the expected one from a single channel analysis due to 
Aharonov-Casher effect and it is within a linear-Rashba 
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multi channel conductance analysis that agreement is 
reached.— In this paper, we analyze whether the larger 
frequency can be a result of the cubic spin-orbit inter- 
action in a single channel mode. First, we develop a 
theoretical approach based on the assumption of perfect 
coupling between leads and the ring. This approach en- 
ables us to analytically calculate the Aharonov-Casher 
modulations of the conductance as a function of the spin- 
orbit splitting. By introducing an external magnetic 
field, we also calculate the combined Aharonov-Casher 
and Aharonov-Bohm conductance modulations. Finally, 
we study the influence of the Zeeman splitting on the 
conductance. 

The 2D Hamiltonian for a single heavy hole (HH) in 
the presence of spin-orbit interaction and a magnetic field 
is given by 



H 2D = 



2m* 
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- 9 VbB ■ a+ - (<7 + U 3 _ - a_IT;) + V(r), 

(1) 

where g is the gyromagnetic ratio, /i_b is the Bohr mag- 
neton, <r is the vector of the Pauli spin matrices, II = 
p + (e/c)A, II± = U x ± iHy, a± — a x ± ioy and 
B = v x A. The electrostatic potential V(r) defines, 
e.g., the lateral confining potential of a 2D ballistic con- 
ductor which defines the ring structure. One can obtain 
the one dimensional (ID) Hamiltonian of a heavy hole 
in a ring following the procedure described in Appendix, 
also outlined in Ref. 
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where d v = (i-§^ + ?"o is the radius of the ring, w 

h 

is the half width of the ring channel, too = ? , ujb = 

mrQ 

gii B B z 2a nr^E- 

— , ojr = ~ o" , $ = - — j—. Here we follow the 

n n r-Q hc/e 

notation of Ref. |lj for easier comparison. Note that 
the Hamiltonian Eq. ([2]) is Hermitian since the original 
Hamiltonian used in Appendix is Hermitian. 

The general form of an eigen state of the Hamiltonian 
Eq. ([2]) reads: 



Xi 



we thus present analytical results for the two most impor- 
tant limits; (i) thin channel rings with kpw < 1, and (ii) 
thick channel rings, kpw > 1, with small Fermi length 
compared to the radius, fc^o ^ 1 (this limit is usually 
realized in experiments) i 15 ' 18 In case (i) of a ring with a 
very thin channel, the Hamiltonian simplifies to: 

fw /— \ 2 hw B hu} R 3r 2 
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with (non-normalized) eigenstates and eigenenergies: 
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where 



\h 2 + - n - |) + (1 + Q 2 )(3 + 2n - 2$) 2 , 



T 2 UJ 

with Q t = — ~ — and h = ujb/uq. We note however 

that this limit has not been achieved yet experimentally, 
e.g. wkF ~ 30, although perhaps an effectively narrower 
channel may be present in some experiments due to ir- 
regularities in the ring. 

Throughout this paper, we only consider the lowest 
transverse mode, which should be sufficient for answering 
the question of whether the larger frequency of conduc- 
tance oscillations can be a result of the cubic spin-orbit 
interaction. Thus, in the more experimentally relevant 
limit (ii), the largest terms in the Hamiltonian Eq. ^ 
can be captured by fixing the radial coordinate in Eq. 
(|Aip to the average value (Ro(r)\ r \Ro(r)) — ro, as it 
was done in Ref. [|| and consequently symmetrizing it 
(to make it Hermitian) by the following procedure: 



H herm ={H + H^)/2= r ^(d^ 
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(cos3(pa x + sin 3ipa y ), Id, 

(cos3ipa y — sin 3tpa x ), (dipj 
r I (cos 3(pa x + sin 3(pa y ), (d^ | 



(6) 



where the constants Xi(2) do not depend on the angle tp. 
By diagonalizing the corresponding matrix equation for 
Xi(2)j we can obtain the eigenenergies and eigenstates. 

The complete expressions for the eigenstates and their 
eigenenergies are too cumbersome to be reproduced here, 



where {...} and [...] mean commutator and anticommu- 
tator respectively. Note that in the case of the Rashba 
Hamiltonian considered in Ref. H3 there is no difference 
between such symmetrization and the perturbative pro- 
cedure. 
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The (non-normalized) eigenstates of the Hamiltonian 
Eq. ((6]) are: 



( v / 12mTT3+ -h±\ 
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where 



A = W ^/i 2 + - n - ~) + (12m + 13)(1 + m 2 Q 2 ), 

V 9 3 2 

and m = n 2 /3 + n - 1/3 + $($ - 2n - 3)/3 and Q = 
ujr/ujq. The associated eigenenergies read: 



= huj (6m + 11 ± 3A) /4. 



(8) 



Note that in general, the Hamiltonian Eq. |(6l) gives 
six eigenstates for a fixed Fermi energy (E F = E n ). 
In the limit A <C Ep (where A is the energy of spin- 
orbit splitting and Ef is the Fermi energy); however, 
two of the six states have much larger number n, and 
correspond to the unphysical situation when the cubic 
spin-orbit coupling term dominates the spectrum creat- 
ing an unphysical downturn in the spectrum, which is 
truly not present. Hence, these two states are ignored 
on the basis of this physical reason, i.e. they do not 
exists in the physical system. It is convenient to de- 
scribe the four conducting states by increasing real num- 
bers rii- < 7i2- < n 2+ < ni + , solutions of the equation 
E F = E n (see Eqs. Ippf l. 

We consider a ring symmetrically coupled to two con- 
tact leads in order to study the transport properties of 
the system subject to a low bias voltage in the linear 
regime. To this end, we calculate the zero-temperature 
conductance G based on the Landauer formula: 



e 2 M 
G = — 22 T v i v , 



(9) 



where labels v and v' number the channel and spin. We 
assume perfect coupling between leads and ring (i.e., 
fully transparent contacts) , neglecting backscattering ef- 
fects leading to resonances. In this approximation, the 
incoming spin \a) propagates coherently along the four 
available channels, leaving the ring in a mixed spin state 
Kut) = E<=i, 2; .=±<*»*.(0)k>l*T*>)>. The spin- 
resolved transmission probabilities can be obtained by 
use of a complete basis of incoming |er) and outgoing \a') 
spin states, 



(10) 



In sufficiently large rings, k F ro ^ 1 (e.g. l/k F ~ 4nm 
in a HgTe QW with a heavy hole band)^, the Zeeman 
splitting for the magnetic fields considered is small com- 
pared to other important energy scales. Summing over 



all spin-states in Eq. (fTO)) and disregarding the Zeeman 
term in Eq. ([6j), we obtain the conductance: 
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where A = 1 in the limit (i) and A 
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^1 + mjQVl + m 2 Q 2 
is the difference between two roots of Eqs. (|5l8p . and 
™i(2) = «i(2)/ 3 + n m - 1/3 + $($ - 2n m - 3)/3. 

In the limit (i) of thin channel rings, we can find the 
difference between the two roots: 



n 1+ - n 2H 



which means that by making the ring channel thinner 
than the Fermi length we can increase the frequency of 
conductance oscillations by a factor of 3/ (Ufw) 2 (see Fig. 
([2^)). This results from the increase in the spin-orbit 
splitting due to the quantization in the radial direction. 
Experimental realization of thin channel rings is very dif- 
ficult and in the rest of the paper we concentrate on the 
rings in the limit (ii) when kpw > 1. Although such rings 
should have more than one conducting channel, we sup- 
pose that only one is important. This can be a result of 
the resonant transmission of this channel, or incoherent 
transport through the other channels. 

In the experimentally relevant limit (ii), for not too 
large Q, we can approximate (n\ + — n 2 +) in Eq. (fTTjl as: 



n 1+ - n 2 + 



3+-(N F (8 + Np) 



2)Q 2 



(12) 



where N F = E F /(fuv ) = (k F r ) 2 /2. 

When the parameter A = 1, Eq. (fTTT ) is also valid 
for an electron ring considered in Ref. ljj- This can 
be obtained by using Eq. (flfjl) and electron Hamil- 
tonian considered in Ref. [l2j. For the Rashba ring, 
the difference between roots can be calculated exactly 

n 1+ - n 2 + = \Jl + Ql and Q e = "^l^ (a e is the 

Rashba coupling parameter that differs from the one used 
in Eq. ([1])). When the spin-orbit splittings in the hole 
(A/E F ~ t/TNfQ) and electron (A e /E F - Q e /y/2N F ) 
systems match, we can write Q e ~ 2N F Q. Therefore, the 
conductance oscillations as a function of spin-orbit split- 
ting for the electron and hole systems have comparable 
periods (see Figs. [2]and[3])). The period of the hole sys- 
tem has a tendency to become shorter as the spin-orbit 
splitting becomes larger (see Fig. [2|) which is not the 
case for Rashba rings. Notably, a hole (electron) does 
not develop sufficient phase difference in the case when 
the ring radius is small compared to the Fermi length, 
as it can be seen from Fig. [2l However, as pointed out 
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Figure 2: Conductance- modulations in a ID ring as a func- 
tion of the dimensionless spin-orbit strength QUfTq (note that 
state of the art experimental systems are in a regime where 
Qkpro < 0.1); a) thin heavy hole ring (solid line) is com- 
pared to the Rashba ring (dashed line), (kFUi) 2 = 1/2; b) 
and c) thick heavy hole ring (solid line) is compared to the 
Rashba ring (dashed line). 
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Figure 3: Conductance-modulations in an ID ring as a func- 
tion of magnetic field and dimensionless spin-orbit strength 
(gate voltage). Left plot corresponds to heavy hole spin-orbit 
interaction, right plot corresponds to Rashba spin-orbit inter- 
action; ro = 1/im, 1/kF ~ 4nm, g = 20 and m* — 0.031m. 
Parameters of the left plot correspond to the experimental 
setup in Ref. flEl . 



before, in realistic systems we always have kpr ^> 1 
(1/kF ~ 4nm for a HgTe QW with a heavy hole band).— 
In Fig. [3l we plot the conductance oscillations in the 
HH ring (left plot) compared to the Rashba ring (right 
plot) as a function of the external magnetic field. Here 
the small g-factor of the electron system is assumed to 
be the same as for the hole system for easier compari- 
son. Where as in the field direction there is not a large 
difference in the conductance fluctuations, the changing 
oscillation frequency of the hole system becomes more 
obvious as compared to the electron system. 
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Figure 4: Conductance-modulations in an ID ring as a func- 
tion of magnetic field and dimensionless spin-orbit strength 
(gate voltage) with enhanced Zeeman splitting (multiplied by 
10 3 ). Left plot corresponds to heavy hole spin-orbit interac- 
tion, right plot corresponds to Rashba spin-orbit interaction; 
r = 1/^m, l/k F ~ 4nm, g = 20 and m* = 0.031m. Param- 
eters of the left plot could correspond to the experimental 
setup in Ref. HH with the magnetic field (range 1 — 10 T) 
applied under some small angle. 



We next take into account the Zeeman splitting as a 
first order correction. The perturbed eigenenergies be- 
come: 



E n = (&m + 11 ± 3-v/(12m + 13)(1 + m 2 Q 2 ) 
h sign(n) 



2^1 + m 2 Q 2 



(13) 



where h = ujb/^o, sign is the sign function. To the first 
order in the spin-orbit interaction and Zeeman splitting, 
Eq. (fTi"]) can still describe the conductance after the fol- 
lowing substitution: 



m+ — n 2 + 



ni+ - n 2 + 



fdE n 



v/l + m 2 Q 2 V dr 
h 



+ fh 2 Q 2 



(14) 



where n is the average of m+ and n 2 + and m(n) is defined 
the same way as in Eq. ([7]). For small Zeeman splittings 
(h/n <C 1), which holds for realistic rings, the conduc- 
tance is well described by Eq. l[TTj) and the chessboard 
pattern in Fig. [21 

We present the results of calculations for larger Zee- 
man splittings (h/n ~ 1) in Fig. |H The analytical ex- 
pressions are too cumbersome and we do not reproduce 
them here. As one can see, the Zeeman term can sub- 
stantially delay the development of Aharonov-Casher os- 
cillations, especially for larger magnetic fields. In order 
to experimentally realize this situation, one may apply 
much larger magnetic fields at some angle to the plane 
of the ring. Such procedure diminishes the magnetic flux 
through the structure, allowing to work at higher mag- 
netic fields with much larger Zeeman splittings. 
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Given the fact that for the experiments in Ref. [HI 
and [H the experimental systems are in a regime where 
Q^fTo < 0.1 and kpw > 1, the frequency of conductance 
oscillation expected for a single mode (ID) ring are of 
similar order for both the hole and electron systems. We 
conclude that the multichannel analysis of the experi- 
ments is an important feature for understanding them at 
present. The increasing frequency of oscillation observed 
in our calculation, only seen theoretically in the hole gas 
systems, will require a strength of doping and confining 
electric field which has not been experimentally achieved 
at present. 
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Appendix A: DERIVATION OF THE ID 
HAMILTONIAN 

In this Appendix, we present the derivation of the ID 
Hamiltonian for the hole ring. In cylindrical coordinates, 
with x = r cos (j> and y = r sin </>, Eq. ^ reads 



2m \ dr* 
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rdr d(p 



3 d 3 
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cos[3</>] (3r (a y - ia x $ + a y <P 2 ) §p - ir 2 {a y - io x <$>) 
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■sm[3(f>} (3r (<j x + ia v $ + a x <I> 2 ) ^ - 3r 2 (cr x + i<T y $)-§p 



x d(pdr 2 

r 3 a x ^ 



-3ra x 



d(p' 2 dr 



uu v dtp 2 



a'- 



V d<f> 2 dr 

JL 



a 2 



V dtpdr 



6ira x <&- 



where $ is the magnetic flux through the ring as a func- 

irr 2 B 

tion of the radial coordinate, <& = - — ;— . We employ the 

hcle 

perturbative method used in Ref. [2CJ by separating the 
Hamiltonian Eq. (j Al j) into the dominant part: 



which allows us to find the desired ID Hamiltonian. 



H (r,4>) = - 



2m \ dr 2 



d 
rdr 



1 



d 



-V{r) 



and the remaining perturbation H\ = H — Hq, In the 
limit w <§; ro the solution of the Hamiltonian Hq can be 
found as a degenerate set of states ^(r, 4>) — Ro(r)Q n ((f)) 
where Ro(r) is the lowest radial mode and <&„(0) is a 
spinor function of the angle 4>. It can be shown that the 
degeneracy in spin space can be lifted by diagonalizing 
the following Hamiltonian: 



H 1D (cj>) = (iZo(r)|Hi + 



2mr 2 



iil + Q) \ R o(r)) 



Ro(r 



We use the lowest radial solution found in Ref. |2C 

/ \ x l 2 



wro\Jir/2 



-(r—r ) /w' 



, leading to the 



following expectation values, (i?o(r)| \R (r)) = 
-l/(2r ), (R (r)\ ^ \R (r)) : :" l/(2r ), 

(R (r)\r 2 £\R (r)) = -3r /2, (J? (r)| ^ |J2o(r)> = 

l/(4r ) - r /w 2 , (R Q (r)\ |J2o(r)> = -l/{r w 2 ) and 

(i2o(r)| \Ro(r)) = 3/(2r w 2 ). The Hermitian ID 
Hamiltonian for the hole ring takes the form of Eq. (J2j) • 
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